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The renormalization of the effective Lagrangian with 
spontaneous symmetry breaking: the SU (2) case 

Qi-Shu YanQ and Dong-Sheng Du I 

Institute of high energy physics, Chinese academy of sciences, Beijing 100039, Peoples’ 

Republic of China 

We study the renormalization of the nonlinear effective SU{2) La¬ 
grangian up to 0{p^) with spontaneous symmetry breaking. The Stueck- 
elberg transformation, the background field gauge, the Schwinger proper 
time and heat kernel method, and the covariant short distance expansion 
technology, guarantee the gauge covariance and incooperate the Ward in- 
dentities in our calculations. The renormalization group equations of the 
effective couplings are derived and analyzed. We find that the difference 
between the results gotten from the direct method and the renormalization 
group equation method can be quite large when the Higgs scalar is far below 
its decoupling limit. 


I. INTRODUCTION 

In our last paper |^, we discussed the renormalization of the nonlinear effective U{1) 
Lagrangian. We learn from the case that in the framework of effective theory we can do 
the renormalization of the nonrenormalizable and nonlinear interactions order by order. 
In this paper, we use those related conceptions and methods to the non-Abelian cases. 
We will study the renormalization of the nonlinear effective SU (2) Lagrangian 
0(p‘^) and derive the renormalization group equations (RGE) of its effective couplings. 

We will also numerically study the solutions of these RGE, and analyze the decoupling 
and nondecoupling effects of the Higgs boson to those effective couplings in the efective 
Lagrangian _ We hnd that when the Higgs scalr is far below its decoupling limit, our 
results are signihcantly different from the results gotten by matching the full theory and 
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effective directly at the one-loop level 0 (Hereby, we call this method the direct method, 
in contrast with the RGE method). The basic reason for this large difference is that the 
direct method ignores the contribution of the possible large tree level contributions of not 
too heavy Higgs, which can considerably affect the effective couplings through radiative 
corrections. While the RGE method has taken into account these important effects. 

The paper is organized as following. In the section H, we briefly introduce the renor- 
malizable SU{2) Higgs model, and concentrate on its form in unitary gauge and the 
quartic divergence term. In the section HI, the nonlinear effective SU (2) Lagrangian 
up to is obtained by integrating-out the scalar Higgs boson at the tree level. We em¬ 

phasize the importance of the quartic divergence terms. In the section VI, we perform the 
renormalization of the up to O(p^) in the background field gauge, and by using the 
Schwinger proper time and heat kernel method, derive the renormalization group equa¬ 
tions so as to sum the leading logarithm contributions of radiative corrections. Section V 
is devoted to study the numerical solutions of these RGEs in the Higgs scalar’s decoupling 
and nondecoupling limits. We end the paper with some discussions and conclusions. 

II. THE RENORMALIZABLE SU{2) HIGGS MODEL 

The partition functional of the renormalizable non-Abelian SU{2) Higgs model [@ 
(Here we have not included the gauge fixing term and the ghost term.) can be expressed 


as 

^ = / VA'^^V(j)V(j)^ exp (i5[A, 0, (/)■'■]) , (1) 

where the action S is determined by the following Lagrangian density 

C = - + ^D4,y ■ (D4,) + , (2) 

and the definition of quantities in this Lagrangian is given below 

Ku = , (3) 

= (4) 

0^ = (0t,0;), (5) 

where T“ are the generators of the Lie algebra of SU (2) gauge group. 

The spontaneous symmetry breaking is induced by the positive mass square in the 
Higgs potential. The vacuum expectation value of Higgs field is given as |(0)| = n/\/2. 
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And by eating the corresponding Goldstone boson, the vector bosons W obtain their 
mass. 

The non-linear form of the Lagrangian given in Eqn. (|^) is made by changing the 
variable 0 


^ f M m TT 



( 6 ) 


where the held U is the Goldstone boson as prescribed by the Goldstone theorem, and 
the p is a massive scalar held. Then it reaches 

c = .(ou) + \dp ■ dp + lp(« + pf- - T(„ + p)- . (7) 


And the change of variables induces a determinant factor in the functional integral Z 


Z = j VW^VpVeexp{tS'[W,p,Q)det!^(^l + ^py{x-y)^ . ( 8 ) 

The determinant can be written in the exponential form, and correspondingly the La¬ 
grangian density is modihed to 

— i6{0)ln |l H—p| . (9) 

The determinant containing quartic divergences is indispensable and crucial to cancel 
exactly the quartic divergences brought into by the longitudinal part of vector boson, and 
is important in verifying the renormalizability of the Higgs model in the U-gauge 0. 


III. THE NONLINEAR EFFECTIVE SU{2) LAGRANGIAN UP TO O(P^) 

In the nonlinear ehective SU{2) Lagrangian only the Goldstone and the vec¬ 

tor bosons are included as the ehective dynamic freedom at low energy region. The 
Lagrangian if including all permitted operators composed by these light degrees 

of freedom (DOFs) and respecting the assumed Lorentz and gauge symmetries, is still 
renormalizable [^. Two facts are important for the actual renormalization procedure: 1) 
The Wilsonian renormalization method @] and the surface theorem ||^ reveals that at 
the low energy region, only few operators play important parts to determine the behavior 
of the dynamic system at the low energy region, such a fact enables us to truncate the 
inhnite divergence tower and to consider the renormalization of the ehective Lagrangian 
order by order; 2) While the quartic divergence terms in the ehective Lagrangian enable 
it possible to consistently throw away all quartic divergences. 
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The general effective SU{2) Lagrangian consistent with Lorenz spacetime sym¬ 
metry, SU{2) gange symmetry, and the charge, parity, and the combined CP symmetries, 
can be formnalted as 


-^e// — -^2 + -^4 + ■ ■ ■ + ^qd , 

A = , 

+d2tr[V;K]tr[C^l/n + d3tr[V;C^]tr[K^1 , 

* * * 5 
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( 10 ) 

( 11 ) 


( 12 ) 

(13) 


where the £2 and £4 represent the relevant and marginal operators in the Wilsonian 
renormalization method, respectively. The operators in the £2 and £4 also form the 
set of complete operators np to 0{p‘^) in the usnal momentnm connting rnle. And the 
higher dimension ( irrelevant ) operators than order are represented by the dots 

and omitted here. The anxiliary variable is defined as 


V^ = U^D^U, 


(14) 


to simplify the representation. Dne to the following relations of the SU{2) gauge group 


tr[T^TbTCTd] 


1 
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(^ab^cd ^ gad^bc 


gacgbd^ , 


(15) 


the terms, like tr[V^V^V^V’^] and tr[V^V^V„V’^], can be linearly composed by 
tr[Vfj_V^]tr[V^V^] and tr[Vfj_V^]tr[ViyV^]. And since here we do not consider the term 
which breaks the charge, or parity, or both symmetries, therefore, the operators in Eqn. 
(|^) are complete and linearly independent. 

The effective couplings of di form the parameter space of effective theory, and they 
effectively reflect the dynamics of the underlying theories and the ways of symmetry 
breaking. Different underlying theories and ways of symmetry breaking will fall into a 
special point in this effective parameter space. And the di can also be called the anomalous 
couplings if seeing from the renormalizable SU{2) gauge theory, they refect the deviation 
from the requirement of renormalizability. 

When the scalar Higgs is heavy and integrated out, the Higgs model given in Eq. (|^) 
can be effectively described as a special parameter point of the effective Lagragian given 
in Eq. (p!0[). At the tree level, it suffices to integrate out the Higgs scalar boson by using 
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the equation of motion of it, which expresses it into the low energy dynamic DOFs and 
can be formulated as 


p=l^{DUy ■{DU) + --- , (16) 

"^0 = ( 17 ) 

where mg is the mass of Higgs bosons. The omitted terms contain at least four covariant 
partials and belong to higher order operators. 

By substituting Eqn. m into Eqn. (P), at the matching scale ( which is always taken 
at the scalar mass p = mo ) the effective couplings at the tree level are determined as 


di{mo) = 0 , d2{mQ) = 0 , ds^mo) = 


1 

lambda ’ 


(18) 


In its decoupling limit mo oo, all these three effective couplings vanish. If a held does 
not participate in the process of symmetry breaking, we know it will not contribute to the 
anomalious couplings up to the 0{p'^) order and its effects to the low energy dynamics 
will be simply suppressed by its squared mass according to the decoupling theorem p. 


IV. THE RENORMALIZATION OF AND ITS RENORMALIZATION 

GROUP EQUATIONS 


In the background held method (BFM) ||9, ^|, the number of the Feynman diagrams 
for the loop corrections can be greatly decreased when compared with the standard Feyn¬ 
man diagram method. Another remarkable advantage is that, in the BFM, each step of 
calculation is manifestly gauge covariant with reference to the background gauge held, 
and the Ward identities — which are important to restrain the structure of divergences 
— have been incorporated in the calculation. The Schwinger proper time and heat kernel 
method by itself is the Feynman integral. Combining with the covariant short dis¬ 
tance Taylor expansion in coordinate space, the divergent structures can be directly 
extracted out in the explicit gauge form and the loop calculation can be simplihed to a 
considerable degree. 


A. The quadratic terms of the one-loop Lagrangian 

According to the spirit of the BFM, we split the Goldstone and vector bosons into 
classic and quantum parts, as given below 
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( 19 ) 


w + w ,u ^UU, 

The Stueckelberg transformation combines W and U into the Stneckelberg field 

W" = U^WU + iU^dU , ( 20 ) 


and eliminates the backgronnd Goldstone from the effective Lagrangian. After hnishing 
the loop calculation, by performing the inverse Stueckelberg transformation (expanding 
the in the W and U), the effective Lagrangian can be restored to the form expressed 
by its low energy DOFs. 

As one of the advantages of the BFM, we have the freedom to choose different gauge 
for the background and quantum fields, and such a freedom can help to further simplify 
the calculation. Then for the quantum fields, we can choose the covariant gauge fixing 
term as 

Cgf = , ( 21 ) 

where Cf and are determined by requiring the one-loop Lagrangian to have the stan¬ 
dard form given in Eqn. (^6|—^), then it reads 

c/ = ^dig^ 1 fws = vg"^ . (22) 

The partition functional Z in the background held gauge can be expressed as 


Z = exp = exp (tStree[W'] + t 6 Stree[W"] + tSi.loop[W^] + ' ' ■) 

= exp {iStreeW^] + tSStreeW"]) J VW^DcVcVi exp [tS[W, c, c; W"]) , (23) 


where the tree effective Lagrangian Ctree is in the following form 

V TTjs f ttts arfT^sfii',a ^ j 1 ajYySfj,,bYjijsu,c 


Cfr.e = —w - w - —w::w 






+ di-r‘=wzw w 

1 ,rr^s 


1 f ttts a ttts a ttts b , J- /ttts ttts n o 

+d 2 -W -W W -W +d 3 -(W ■Wy + 

4 4 


+^5(0) 


vf' ■ IF* (IF* ■ w"y 

Cl- 15 -h 62 -^-h 
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And the corresponding counter terms SCtree are dehned as 


(24) 


SCtree = SZ„2—W ■ IF 


9 A„2 at 1 .J 


+5Zd,d2^W"" ■ IF* V*“ ■ IF*'’ + 5Zd,dti^{W" ■ IF*)" -1- ■ ■ ■ 


+i5(0) 


Sei 


IF*. IF* 
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(IF* ■ IF*)" 

+ de2 -^-h 


rrii 


(25) 
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where the renormalization constant of the Stueckelberg held can always be set to 1. 

In the one-loop level, only the quadratic terms of quantum helds are related, and they 
can be cast into the following standard form 


^quad 


r-iafe _ 
- 

I— \f(xb _ 

- 

□ aft ^ 
cc 

X 

^v^ab 

X = 


1 ^n.ab , 1 ^v.ab , 

+-nv“A' n-y 


g‘“- - , 

- + 6V,) + , 

^a,ac , ^ ,, ^aoL.ac , ^a.ab ^a.ab ^aoi.ab 

X^a + X + Xm + Xn.z + <9«X 


- af3 

^v^ac 
‘ O-P 


—„ „ ^voL.ac , ^vab ^u.ab ^ua.ab 

X„. + X Dp + Xm + Xn..z + a„Xn 


01 T V\- 03Z “T osy ) 

u,ab ^va,i 

01 T ^ 03Z + Qo^Xtay 


(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 


where and D' — —iawirl Q- The direction of the harpoon indieates 

‘^fi,ab ^u,ab 

the position of vector bosons, and both the X and X are dehned to act on the right 
side. For the SU (2) effective Lagrangian, the related quantities are dehned as 


a- 


fiu ab _ 

WW 


„ .YT 7 .SM 12 ,ab , 1 ,2 4/YT7'8/li“CTT7*l^iCt’ TTT'® “C yTtS cb 

= 2 *IFg'^’ +-dlg\Wp Wa -W^ -WagH 




^ab 

^2,a - 

^ab _ 

^4,^^ - 

j^a^ab 

j^ap^ab 
^(i^ab 

^ ap 

^fia,ab 

X 

^fi^ab 

Xoi 

^fi^ab 

Xo3Z 


-d 2 ^^(IF'“ ■ IF^ + WpWp) 

-dsg^W"" ■ + 2 TF*“Tf'^^) , 

-4{Wa-War\ 

xf + ipA-iw-f'^-r-D 

oaP^ac-pcd -pdb '^a,ac-pcb 
^ ^, 0 -*-^,/3 ^ -*-^, 0 ’ 

_ ^ap^ab 

QlJ,,ab 
~^ciP -> 

j^fj,a,ab _ y^fj,a,ab _ QPj^fi.ab _|_ 


■\rfi,ab 
^01 5 


•^fJ,,Clb QifJ,,(lC-r^Ck,cd-r^P,db / -\^flOL^CLC flOL,(lC\-r^cb 

^03 ~ ^aP ^ “ 1^1 ~ ^2 


G 


(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 
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_ ^01,0.6 

O'^v — ^9 


-fia,ab 

■03Y 

^u,ab 

^al3 

^i'a,ab 


— O, 


2 
Uyba 

a/3 ' 




_ \^ua,ba -irvafia a0 vtJ;ba , r\QV,caT^0,cb aa' 

— A.2 -^a3 ' ‘^^a'3^ W 9 j 


^u,ab 

Xoi 

^u,ab 


_ ^ru^ba 

— ^01 


X, 


i,ba 

)3 

. CL^r 


_ Y-l-^iOO. Qiy,ca-pOi,caj^i 

03Z “ ^03 “ ■*■ 


i',caj^a,cdj^(3,db 

W 


^j^fiOL,ca jj^//a,ca^j^ 


cb 

VF,a 




YYrSafS^cb -j^saf3,cb 


), 


(42) 

(43) 

(44) 
(46) 

(46) 

(47) 

W;, r?! = and = -ianWl%, 

with = 1/2 and aw = (1 + dig‘^/2) (which can be regarded as the effective charge). 
To get the above form, we have normalized the vector qnantnm gange field by nsing 
W ^ W/g. When we take the limit di 0, the reaches to its nsnal form 

as given in the gange theory withont symmetry breaking mechanism. 

As in the U{1) case, an anxiliary dimension connting rnle is introdnced to extract 
relevant terms np to O(p^), which reads 


^i/a,ab 

Xn^v — ~Xi 


ua,ba 


where F‘‘ = f 


■OSY 


: -rrfjsab . p 


acb 


ts ab 


\Kl = PJa = = 1 . [ala = 0 


(48) 


From this rnle, we know 


^u.ab 


^^^ab ^u,ab ^fi^ab 

\Xaff la — [Xa 0 la “ IVqi la “ IVqi la “ 1 , 


(49) 


, , ^ , ^ua.ab —^ua.ab ^aa.ab —^ua.ab 

Wwwla. = = [X^^ ]a = [X ]a = [X ]a = [Xosy ]a = [Xo3y ]a = 2 , (50) 




a,a 6 ] _ 


fi^ab —^u,ab 

— [Xo3z]a = [Xo3z]a = 3 , 


cr, 


^ab ] 

4,CCJ 


= 4. 


(51) 


We would like to mention that this auxiliary dimension counting rule is to extract those 
terms with the two, three and four external fields. In the limit that all anomalous couplings 

^fj,,ab —^v>^ab 

equal to zero, only the Xqi ? Xqi , and do not vanish. 

The tilded quantities are determined from the following pre-standard form 

'^ar—\CLb(^b ( j2,ab , j:ab^2\ ^b i ^af^ab i '^ab\^b 


(d 2 ,a 6 ^ ^ 


^u,ab . 

w-x 


+CX<^’abQ^^b ^ ^ 

^u^ab _ 


(52) 


c = rx wt 
= ef‘w‘x'^fdf‘£, + {y;Yr'“*Sa.^* + 


(53) 
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and from the effective Lagrangian given in Eqn. (p!0D , we get 


j^af3,ab 

^af3,ab 


^al3,ab _j_ j^a0,ab 

\ 2 / 


j^ag,ab _ _^_Z 2 _ 


V 

, + 24 - d2 —sa,a^sg,b _ —sa,b^sg,a. 

2v^ ^ 2v^ ^ ^ ’ 


^a,ab _ 


xf = 


dl /Y77SO/9,afeY77Si<ife , T77*i“^T77*“/3:“fe\ 

— [Wa + ^0,gWg ) 

+Aw‘"w‘^'‘w‘gt+■Aw“ ■ w^wT’"” 

V2 y2 

dl YTTsad,ac-^s cb 


G 


•yfi^ab _ Qfi^ab , Afj,,ab 

^a0 — ^aP + ^aP ! 


Qfi,(ib 

^aP 

7tJ,,ab 

^aP 


■ ^l9 /^TTTSU,ab TTTsab ,, ^rrsab ,,x 

9ap-W^^a9'^-W^^a9^), 

• dig /jj^s ab n ytjs ab m\ 

-^^iWo.,G9p-W p,g 9^), 

dig ,Yjjs,ac Yjjs,cb „q, Ylv^®i'iCYjys/i,cfe .YjjaiJ.,ab 


XP’ = —{Wg ■ Wa g^" - Wa 


iW 


G 


2v 


d‘i9 fTjr^ ^ tT7® 


{w"'" ■ , 

V 

■ dig^siLOi,ab 

I - r r , 

2 n ^ 

f-i I ^^9 \jjTSfi,ab 

-tgv{l + ^)Wa , 

^iQ / .TTTsn.ac-^r^sa.cdTTTScb .TrrsoL.acTTrsu.cd-^r^s cb ttts acTrrsiia.cb^, 

Wa’ W^^a + T^Wa W hh,,G + ), 


^^fJiOL^Q,b 


\rfj,,ab 

^01 


\ri-i,ab 

^03 


( 64 ) 

( 55 ) 

(56) 

(67) 

(58) 

( 69 ) 

(60) 


(61) 

(62) 

(63) 

(64) 


The is dehned as which is symmetric on its 

Lorentz (gronp) indices. 

To get the above form, we have ntilized the eqnation of motion of the vector bosons 
VT*, which can be formnlated as 


dpV‘^‘'-‘ - '^ifd.F 


„„2 rabcn ^^9‘^ iTT 7 sbjjys^iu,c dig^ sb^sij.u,c 


= m^hh ’ - /“'’"(I - ^ ' + -^r^Wl F 


1 2TT7'81'it’TT7*/4i“TT7S ^ 

-d 2 g W W W 


1 2TT7'812, 0777541 ,f<TT7'8 

d^g W W W 


( 66 ) 


From the eqnation of mition given in Eqn. (p5|), we can get 
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1 




-d,, 


m 


IV 






SflU,C 


f 


abc 


2 


SflU,C 


+d2g'^W^‘'’^W^^'^Wl'' + d3g'"W^‘'’'^W^'^’^Wl''\ . ( 66 ) 

Then we know that the can only contribnte to terms at most np to 0{p^). 

Therefore we simply set = 0 when only considering the renormalization np to 

0{p^). 

We have also nsed the following relations abont the Lie algbra: 


jabc j^cde j^adc j^ceb jaecj^cbd g 

to simplify the related expressions. 


(67) 


B. The calculation of logarithm and traces 


The qnadratic terms can be directly calcnlated in the fnnctional integral. Then after 
integrating ont all qnantum helds, the Ci-ioop reads 


f Ci_ioop = il:[Trlnnww + Trlnn^^ 

lx Z 

+Tr In ^l—X '^ww,pvX 


- zTrD.. 


( 68 ) 


where the contribntion of the ghost has a different sign dne to its anticommntator relation. 
The Tr is to snm over the Lorentz indices, /rz/, gronp indices, a6, and the coordinate space 


points, X. The operators in the term Tr In ( 1 — X ^ww^pivX □ 




are all dehned to act 


on the right side, and snch a form reflects that the order of integrating-out the qnantnm 
vector boson and Goldstone fields is nnphysical. 

The expansion of logarithm is simply expressed as 

(xl ln(l - X)\y) = -{x\X\y) -\{x\XX\y) - ^{x\XXX\y) - -^{x\XXXX\y) + ..., (69) 

and here the X shonld be nnderstood as an operator (a matrix) which acts on the qnantum 
states of the right side. 

To evaluate the trace, we will use the Schwinger proper time and heat kernel method 


11] in the coordinate space. In this method, the standard propagators can be expressed 


as 


{A^ww-,pu\y) — 

n/— l,a 61 


dr 




0 (dvrr) 2 
dr 


z‘^\ 


^ 1 Vi '^) ) 


0 (dvrr) 2 


^ exp exp 

(-mix) exp H^^^ab{x,y,T) , 


exp 


(70) 

(71) 
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where ^ = y—x. The integral over the proper time r and the factor exp \—z^l (4r)] / 
conspire to separate the quadratic divergent part of the propagator. And the H{x,y]T) 
is analytic with reference to 2 ; and r, which means that H{x,y]T) can be analytically 
expanded with reference to both 2 and r. Then we have 

H{x, y] t) = Ho{x, y) + Hi{x, y)T + H 2 {x, y)T'^ H-, (72) 

where HQ{x,y), Hi{x,y), and, H 2 {x,y) are the Silly-De Witt coefficients. The coefficient 
HQ{x,y) is the pure Wilson phase factor, which indicates the phase change of a quantum 
state when moving from the point x to the point y and reads 

Ho{x,y) = C exp (^-J T{z) ■ dz^ , (73) 

where r( 2 ;) is the affine connection ( dependent on the group representation of the quan¬ 
tum states ) defined on the coordinate point z. And the coefficient C is related with the 
spin of the states, for vector bosons, C = —gfxu, and for scalar bosons, C = 1. 

The divergence counting rule of the integral over the coordinate space x and the proper 
time r can be established as 


[^ 1 ^= 1 , lrU = -2- 


(74) 


Using Eqn. (| 6 ^, the two propagators defined in Eqn. ([70|) and Eqn. (|7lD , and the 
divergence and momentum counting rule given in Eqn. (^) and ([7^), up to 0{p‘^), we 
can get the following divergent terms 


eTr In Dvi/w = 




eTr In Dgc = 
eTr In = 


■ 2 V^ww I ~9ii' v’ } ) 

2 A- 


■pa 




Trliill-A' Oh'ivijW =-(!)4«+p3«+p2i), 


(76) 

(76) 

(77) 

(78) 


where 1/e = i{2/e — 7 r; -|- ln 47 r^)/( 167 r^), 7 ^; is the Euler constant, and e = 4 — d. The 
is the field strength tensor corresponding to the affine connection T^. We have used 
the dimensional regularization scheme and the modified minimal substraction scheme to 
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extract the divergent structures in this step. The pAt represents the contributions of four 
propagators which reads 


— g^vQiJi'v' 


9 


aPa'9' 


-tr[2X„^X,,^,XoiXoi 


+2XoiXo^Xa'/3'Xoi + X afiX QiX a'I3'X Qi + X qiX apX qiX a' 9 '. 


gaf5a'9'a" 9" ^ ^ 

't'^[X agX a'9' X a" I 3 >'X 01 + Xaf3Xa'f3'XoiXa"l3'i 


(79) 


The p3t represents the contributions of three propagators tr^X^wwX^'^^Xa/sd^'d^O'^^), 
which reads 


TTljx^ a ' a! j—v ^ 1 / 2 ^p 

p3t = ^ Vfr[XoiXoiX„^]. (80) 


The p2t represents the contributions of two propagrators tr{X'^wwX'^'^l), which can 
be further divided into six groups: 


p2t — tAA + tAB + tAC + tsB + tsc + tcc , 


(81) 


tAA = 


fTT-Wd^'^ ^“/3«'/3'<57 gOipga'g'S'y ga'9' gofid'y 


+ g°^g°'^'a‘-’)trlx'‘„gDsDX„'A 




^P ^p , / 

9 tiutr[x afsX a' — gfMfM'giyi''tr[Xai 3 <^WwXa'g'. 


i/a ^pa 

X - X Di,,X„g ], 


tAC = - ^ tr[X^pXoi + XoiX^p + X„^X03Z + X^.zX^p 

^P ^VOi' ^pa' 

—da’XapXosY ~ XQ'^Y^a'Xaf^ 

1 a A—v 

tr[g^^igy,gtXai3(^ww X01 ~ 9^lyXolXag(^2,^^] 

- jj“'’j”''">r|A'bc«'CgT7, + XmDcADg.xlg] , 

tgg = -!<A^trirXl 

tBc = -^^^trir'DX. - r„,Dgr'] . 

^p j—p ^p ^p j—p ^p ^pa' ^poi' 

tec — ~g;i.'^^[AoiAoi + VoiAoaz + AoazAoi ~ ^u'AoiAoay ~ Xq^y^cXA 


(82) 


(83) 

(84) 

(85) 

( 86 ) 


where the trace is to sum over the group indices and points of coordinate space, and the 
covariant differentials is defined as 
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( 87 ) 


XDX = XdX + XTwX - XXT^ , 

XDDX = XddX + XTwTwX + - 2XTwXT^ 

+2XTwdX - 2XdXT^ + XdTwX - XXdT^ . 

And the tensors and are symmetric on all indices and defined as 

gOfi'rS _ ^a/ 3^75 _|_ ^“7^/55 _|_ ^«(5^/37 

gap'rdfiu _ gaPg'ySfiu ^a-ygf}5^iu ^aSgylBfiu _|_ ga^lg|3ySu ^aug/iyS^i ^ 


( 88 ) 


(89) 

(90) 


To get the pAt, p3t, and p2t, we have used the covariant shord-distance expansion tech¬ 
nology [|T^ and the integral over the proper time and coordinate space. We would like 
to comment on the the covariant shord-distance expansion technology: to formulate the 
quadratic form into the standard form can simplify the labor to extract the divergences, 
while the form given in [Q is not easy to use. The equivalence of these two forms can 
be easily proved by using the partial integral. As we have pointed out, the standard 
form given by us has the advantage to reflect the fact that the order of integrating out 
the quantum vector boson and Goldstone fields has no any dynamic significance, and is 
unphysical. 


C. The renormalization group equations 


Substituting Eqs. — Q) to Eqs. with somewhat tedious algebraic manip¬ 

ulation, we construct the counter terms and extract the renormalization constants. The 
renormalization constants yield the following RGEs 
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About the RGEs given in Eqs. (|95— it is remarkable that the direct method will only 
get part of the result of the RGE method, which is contributed by the Goldstone boson 
and indicated by the constant terms independent of 4, * = 1, 2, 3 in the rhs of RGEs of 
di, i = 1, 2, 3. While the rest terms of the RGEs take into account not only the effect of 
Goldstone boson but also that of vector bosons W and that of their mixing terms. 

In order to compare and contrast, we formulate the results of the direct method in the 
RGE form, which read 


dg^ 

291 


dt 87r^ 

4 J 


dv V 

[ 3^2 

dt IOtt^ 
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ddi 1 

1 1 


dt 87r^ 



dd2 1 

1 1 


dt 87r^ 



dd^ 1 

1 1 


dt 




(96) 

(97) 

(98) 

(99) 

( 100 ) 


The underlying reason to represent the contributions of Higgs in the RGE form might 
be related with the fact that the full theory is a renormalizable one and the divergences 
generated by the Higgs loop should be cancelled out exactly by those generated by the 
Goldstone bosons. To extract the divergent structures, we have used the following rela¬ 
tions of the SU (2) gauge group 


tr[WG>^W^^W^a^^G] = 2Ty'“ • (101) 

tr[WG^W^^GV^GV^^,G] = + {W" ■ , ( 102 ) 

+{W"-Wy-W" ■W"\ (103) 


where the variable is symmetric when exchanging its Lorentz indices /i and u, and is 
defined as + dyW^°’. 
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The term lld^g^ in the right hand side of the RGE of di is quite remarkable: the 
coeffecient 11 mainly comes from the fact that the gauge bosons have 3 physical compo¬ 
nents as a vector field, and have 3 components as an adjoint representation of the SU{2). 
When the Higgs is not too heavy, the coupling d^ can reach order 0.1 or 0.01, then this 
term can switch the sign of di{mw) from positive to negative. Another remarkable fact 
is that it is the radiative corrections from the vector bosons which mostly contribute to 
the linear terms of di in the rhs of RGBs and dominate the running of RGBs when the 
nonlinear effects of the RGBs is still small. In the following section we will comparatively 
study the solutions of these two groups of RGBs. 


V. NUMERICAL ANALYSIS 


We concentrate on the Higgs scalar’s effects to the effective couplings di, i = 1, 2, 3. 
To simplify the analysis, we mimic the standard model by choosing the mass of vector 
boson rriw to be 91 GeV. The Higgs scalar is assumed to be heavier than the vector bosons 
W. The initial condition for the coupling g and the vacuum expectation value v is fixed 
at the lower boundary point, fi = mw- The coupling g{mw) is chosen to satisfy 


ag — 


dvr 


1 


(104) 


which gives g{mw) = 0.65. and the vacuum expectation value is then fixed by mw = gv, 
which gives v{mw) = 140.6. While the initial condition for di, i = 1, 2, 3 is chosen to be 
fixed at the matching scale, /i = mo, as given in Eqn (1^). 

Below we will compare the results gotten from the direct method and the RGE method. 
As we know, the scalar’s effect includes both the decoupling mass square suppressed part 
as shown in Eqn. ([I8|) and the nondecoupling logarithm part. So we consider the following 
three cases to trace the change of roles of these two competing parts: 1) the light scalar 
case, with mg = 160 GeV, where the decoupling mass square suppressed part dominates; 
2 ) the not too heavy scalar case, with mo = 500 GeV, where both contributions are 
important; 3) the very massive scalar case, with mo = 1.2 TeV, where the nondecoupling 
logarithm part dominates. 

The figure 1. is devoted to the first case. It is obvious that the difference of di{mw), i = 
1 , 2 in two methods is quite large, and the di{mw)^s have different signs in these two 
method. Bigure 2. is devoted to the second case. Bor the di, these two methods predict 
different sign with the same magnitudes. Bigure 3. is devoted to the third case. And the 
difference between the results of these two methods is relatively small. 
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In the all three cases, the magnitude of the d 2 {mw) is about 10 ^ in both methods, 
and the difference between these two methods is neglectable. 



FIG. 1. The varying of v, di, d 2 , and ds with the running scale t (t = ln{mo/mw))- The 
matching scale is the mass of Higgs scalar, which is taken to he = 160 GeV. The solid lines 
are the results of the RGB method, while the dashed ones are those of the direct method. 

While the di{mw) can reach 10“^ in the RGE method, one order larger than in the 
direct method, when the Higgs scalar is quite small. Even when the Higgs is medium 
heavy, the results of these two method have the same magnitude and different signs. 
Near the decoupling limit, the prediction of RGE method improves that of the direct 
method up to 40%—70%. 

Due to its initial values at the matching scale, the d^i^mw) could have different mag¬ 
nitudes in these three cases, 10“^, 10“^, and 10“^, respectively. The differences of these 
two methods are small when the Higgs is relative light, and in the third case the relative 
difference can reach 5%—15%. 

The difference of the running of g is neglectable in these two methods so we have not 
depicted it. 

From these hgures, we can read out the tendency that the difference of Sdi between 
these two methods is larger when the Higgs scalar is further below its decoupling limit. 
The underlying reason for this behavior is related with the initial value d^ at the matching 
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scale, and the related terms dependent on in the RGBs given in Eq. — |^) . 






FIG. 2. The varying of v, di, d 2 , and d^ with the running scale t (t = ln{mo/mw))- The 
matching scale is the mass of Higgs scalar, which is taken to be mo = 500 GeV. The solid lines 
are the results of the RGE method, while the dashed ones are those of the direct method. 


VI. DISCUSSIONS AND CONCLUSIONS 

In this paper, we have stndied the renormalization of the nonlinear effective SU{2) 
Lagrangian with spontaneous symmetry breaking and derived its RGBs. Gompared with 
the U{1) case, the non-Abelian case is much more complicated. And quite differently, in 
the SU{2) case, the gauge coupling and the anomalous couplings up to are driven 

to develop by the quantum fluctuations low energy DOFs. We also have comparatively 
studied the results of the direct method and the RGE method. From the numerical 
analysis, we see that the results of two methods are very different when the Higgs scalar 
is far below its decoupling limit. The underlying reason is related with the initial value 
of ds at the matching scale and with the radiative correction of all low energy degrees of 
freedom ( both the Goldstone and vector bosons ) which contributes to the terms in 
Eq. (ilhilD. 

Normally, when the Higgs is so light, the higher dimension operators, for instance those 
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belong to the 0{p^) order, might play some considerable parts and it might be not good to 
use the effective theory to describe the full theory, since the Wilsonian renormalization [§ 
and the surface theorem given by 0] require that the low energy scale piR is lower enough 
than the UV cutoff. While we see, for the medium heavy Higgs (say, mo = 400 GeV or 
mo = 800 GeV ), it is still approperiate to use it, and the difference between these two 
method is quite considerable for some anomalous coupling(s). 



(a) 




(c) 

FIG. 3. The varying of v, di, d 2 , and d^ with the running scale t (t = In^mo/niw))- The 
matching scale is the mass of Higgs scalar, which is taken to he mo = 1200 GeV. The solid lines 
are the results of the RGE method, while the dashed ones are those of the direct method. 

In the RGE method, it becomes quite manifest that the effects of heavy DOF to the 
low energy dynamics are related with two factors, 1) the mass of the heavy particle, which 
determines the matching scale puv, and 2) the initial values of anomalous couplings at 
the matching scale determined by integrating out the heavy particle, which are related 
with the spin of the heavy particle and the strength of its couplings to the low energy 
DOFs. If a heavy field doesn’t participate in the process of symmetry breaking, it will 
not contribute to the anomalious couplings up to the 0(p‘^) order and its effects can be 
estimated by the decoupling theorem P]. 

As we know, there are several ways for the SU{2) breaking to its subgroups, SU{2) 
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breaks to U{1) El, for instance. In this paper, we only assnme that the symmetry is 
broken from a local one to a global one, where all components of vector boson have the 
same mass. For the way of SU{2) breaking to U{1), the effective Lagrangian will be more 
complicated. Several of the patterns of symmetry breaking will be discnssed in onr next 
paper when we consider the renormalization of electroweak chiral Lagrangian. 

Meanwhile, for the sake of simplicity, no fermion field is taken into acconnt, which 
might introdnce terms of anomaly. Also, we have not inclnded all of terms breaking 
the charge, parity, and both symmetries. If included, the above procedure will be more 
complicated due to the properties of the complete antisymmetric tensor However, 

in principle, we can still make the renormalization procedure order by order even for the 
complicity. 

The renormalization procedure in this paper can easily be extended to study the 


renormalization of the nonlinear sigma model with SU{Nf) symmetry |T^, which has 
a very imporant role to describe the low energy hadronic physics. We will apply the 
related conceptions and methods to the renormalization of the electroweak chiral effective 
Lagrangian and the QCD chiral Lagrangian [p!6[| . 
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